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Abstract. A highly efficient semi-empirical Hamiltonian has been developed and applied 
to model the compact boron clusters with the intermediate size. The Hamiltonian, in addition to 
the inclusion of the environment-dependent interactions and electron-electron correlations with 
the on-site charge calculated self-consistently, has contained the environment-dependent 
excitation orbital energy to take into account the atomic aggregation effect on the atomic 
orbitals.  The Hamiltonian for boron has successfully characterized the electron deficiency of 
boron and captured the complex chemical bonding in various boron allotropes including the 
planer and quasi-planer, the convex, the ring, the icosahedra, the fullerene-like clusters, the two-
dimensional monolayer sheets, and the alpha boron bulk, demonstrating its transferability, 
robustness, reliability, and has the predict power. The Hamiltonian has been applied to explore 
the existence of the compact structure of boron clusters with the intermediate size. Over 230 
compact clusters including the random, the rhombohedra, and the spherical icosahedra structures 
are obtained with the size up to 768 atoms. It has been found that, energetically, clusters 
containing most compacted icosahedra B12 balls (i.e., the body-like rhombohedra clusters and 
trimmed spherical cut icosahedra clusters) are the most stable for large size (Natom >200) of boron 
clusters, while the spherical cut icosahedra, random structures, and cage-like boron clusters are 
competitive for the small or intermediate size (24 < Natom <200) of boron clusters. 
PACS: 71.15.-m, 71.15.Nc, 71.15.Pd, 73.22.-f, 61.46.-w, 61.48.-c, 61.50.-f 
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     1. Introduction 
 
            Boron, analogue to its neighbor carbon element, has various allotropes with different 
bonding natures and structures in the crystalline and nanostructures. Especially, over the last 
several years the interest in boron nanostructures including the clusters, tubes, and monolayer 
sheets has grown dramatically either from the experimental synthesis or from the modeling 
through computer simulation studies.  Most of the first-principles studies as well as the 
experimental synthesis have found that the small-sized boron clusters can have the form of the 
planer, the quasi-planer, and convex structures [1-11] and a transition to ring structures has been 
found [12-14]. The progress on discovery the stable small boron clusters has improved quite 
recently, for instant,  the quasi-planer hexagonal B36- and B40- clusters have been observed [15, 
16]. The theoretical postulated interesting boron clusters with the intermediate size, such as B80 
buckyball [17-23] and other cage-like clusters [24, 25] have also been postulated but not yet been 
observed. Therefore, searching stable inter-mediate size boron clusters with other type of 
structures, such as the compact clusters, became necessary from the computational molding 
using the more accurate first-principle calculations or the semi-empirical methods.  Especially, it 
is desired to have the highly efficient and reliable semi-empirical methods for large amount 
simulations which is beyond the scope of the first-principle calculations for various 
configurations of the intermediate size of boron clusters. 
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       The complicated nature of the 3 center bond, with deficiency of the un-occupied p orbitals 
[26], and the ability of boron to bond in so many different energetically competitive ways [27] 
(isomorphism), was too challenging for the traditional semi-empirical methods [28]. Some of the 
first attempts to model boron with the extended Hückel method involved modeling boron 
hydrides [29] and although that method has some limited accuracy, it is insufficient for any type 
of electronic structure calculation that would remotely compete with density functional theory 
(DFT).  In this paper, we will develop an environment-dependent semi-empirical Hamiltonian 
(refereed as SCED-LCAO Hamiltonian) for boron element to characterize the electron 
deficiency of boron and capture the complex chemical bonding in various allotropes of boron. 
We will show in this paper that the SCED-LCAO Hamiltonian for boron is transferable, reliable, 
and robustness. It is not only able to model boron clusters, it can also model sheets, and extended 
structures accurately. We have applied this Hamiltonian to study various compact structures of 
boron clusters with the intermediate size.  
      The paper is organized as follows. We first introduce the next generation of the SCED-
LCAO Hamiltonian in section 2. Next, we will discuss the transferability and the reliability of 
the Hamiltonian in section 3. The robustness as well as the applications to various allotropes of 
boron will be given in section 4. These results will demonstrate how well the SCED-LCAO 
Hamiltonian for boron characterizes the complex chemical bonding nature of boron in different 
environments.  Then, we will present in section 5 our results on investigation on the stability, the 
energetics, and the structural properties of the intermediate size of compact boron clusters. A 
conclusion will be given in section 6. 
 
2. Methodology 
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The original self-consistent and environment-dependent (SCED) Hamiltonian was 
constructed in the framework of linear combination of atomic orbitals (LCAO) [30-32]. It was 
designed to remedy the inadequacies of conventional semi-empirical Hamiltonians such as 
various versions of tight-binding Hamiltonians [28, 29]. Specifically, it allows the self-consistent 
determination of the charge re-distribution and includes environment-dependent multi-center 
interactions, two main deficiencies of conventional semi-empirical Hamiltonians that limit their 
applications to be system-specific and prevent those Hamiltonians to be transferrable. The 
inclusion of these new features makes the SCED-LCAO Hamiltonian transferrable, thus 
possessing predictive power. Furthermore parametric functions appearing in the SCED-LCAO 
Hamiltonian and the parameters there-in all have transparent physical meaning, allowing the 
physics of the results of calculations based on the SCED-LCAO Hamiltonian easily tractable.  
We have constructed the SCED-LCAO Hamiltonians for Silicon, Carbon, Germanium, and 
Phosphorus and optimized the respective parameter sets using sets of judiciously chosen data 
bases [30-32]. We have also successfully tested our SCED-LCAO Hamiltonians for structural 
and electronic properties of Si-, C-, and Ge-based structures of different symmetries/geometries 
(bulk/3-d, surface/2-d, wires/1-d, clusters/0-d, etc) and different phases (diamond, fcc, bcc, etc) 
[30-38]. These tests have demonstrated the transferability and the reliability of the SCED-LCAO 
Hamiltonian in predicting properties of a wide range of Si-, Ge-, and C-based structures. 
The diagonal and off-diagonal matrix elements of the SCED-LCAO Hamiltonian are 
given as follows: 
 ( ), ( ) ( ) ( )SCED LCAOi i i i i i k N ik k Z ik
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where iαε can be identified as the orbital energy of theα -orbital corresponding to an isolated 
atom at the site i, Ni the number of valence electrons associated with the atom at site i, Zi the 
number of valence electrons of the atom at the site i, Ui the Hubbard-like energy representing the 
on-site correlation energy, ( )N ikV R  the electron-electron energy per number of electrons at site k 
between an electron distribution at site i and the electron distribution at site k, ( )Z ikV R  the 
electron-ion interaction energy between electrons associated with the atom at site i and the ion at 
site k  per number of ionic charge, ( )ijK R  a scaling function, and ,i jS α β the overlapping matrix. 
Specifically, we express ( )N ijV R in terms of ( )Z ijV R using a short range 
function ( )N ij Z ij N ijV (R )=V (R )+ V R∆ . This is because both ( )N ijV R and ( )Z ijV R  approach 
2 / 4 0 ije πε R  as ijR →∞ . The five parametric functions are given as follows: 
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The parameters needed for the construction of the SCED-LCAO Hamiltonian include iαε ′ , Ui 
and the parameters characterizing the five parametric functions. iαε ′ , instead of iαε , appearing in 
the off-diagonal SCED-LCAO Hamiltonian matrix element, is a reflection of the difference in 
the environment of the offsite case vs. the onsite cases. These parameters are to be optimized 
with respect to an appropriately chosen data base highlighting properties of the system under 
consideration.  
In practice, the orbitals involved in the SCED-LCAO Hamiltonian are limited to occupied 
atomic orbitals. Hence the SCED-LCAO scheme is a finite (incomplete) basis approach. 
Previous results indicate that the SCED-LCAO Hamiltonian works well for elements with 
sufficiently localized electrons, indicating that the presence of neighboring atoms in an atomic 
aggregate for these elements has not appreciably affected the occupation of atomic orbitals. 
However, to enable the SCED-LCAO Hamiltonian to have wider applicability, one has to 
address the issue related to the finite basis set. The usual approach is to add an excited orbital in 
the basis set as the interactions with neighboring atoms may excite the electron to unoccupied 
orbitals. However even with the addition of just a single excited orbital, it will lead to an 
unusually large increase in the number of parameters in the semi-empirical Hamiltonian, 
specifically in the overlapping matrix. 
We decide to take a different approach. We take into consideration of possible occupation of 
the excited local atomic orbitals in an atomic aggregate by forming the l-like orbitals in the basis 
set to include the occupied “ground state” as well as the excited atomic orbitals corresponding to 
a certain quantum number l (with l standing for s, p, d, and etc.). It should be noted that this is 
still a semi-empirical approach with no explicit involvement of atomic orbitals other than the 
appearance of the quantum indices in the parametric functions representing the overlapping 
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matrix. With this set up, the corresponding l-like orbital energy is expected to be different from 
the energy of the initially occupied l orbitals of the isolated atom. We model this shift in energy 
by the addition of a parametric function ,0( ) i W ijRi ij iW R W e α
α
α α
−= . It can be seen that ( )i ijW Rα  
approaches zero for sufficiently large distance but at shorter distance the function is finite and 
alters the single atom result for the valence level term iαε  accordingly. In this way, with the 
addition of a few more free parameters, the effects of the interactions with neighboring atoms 
can be included. Furthermore the incompleteness of the basis set can be improved by simply 
redefining l-like orbitals without explicitly adding any excited orbitals in the semi-empirical 
Hamiltonian.  
The diagonal and off-diagonal matrix elements of the new and improved version of the 
SCED-LCAO Hamiltonian are then expressed as follows: 
( ), ( ) ( ) ( ) ( )SCED LCAOi i i i ik i i i k N ik k Z ik
k i k i
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The total energy of the system is then given by  
  2 2 01 1 1( ) ( )
2 2 2
ooc
total i i i i j N ij i j
i i j i i j i ij
EE n Z N U N N V R Z Z
Rλ λλ
ε
≠ ≠
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 To ensure the viability of the new and improved scheme and to test the transferability of 
the resulting Hamiltonian, we have subjected this scheme to a stringent test, the construction of 
the SCED-LCAO Hamiltonian for the element boron and the testing of its robustness and 
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transferability. Boron compounds are known to form three-center two-electron (3c-2e) bonds 
where three atoms share two electrons. Semi-empirical Hamiltonians are not expected to perform 
well for boron-based systems, in particular their transferability [28, 29]. In this work, we have 
demonstrated the ability of the SCED-LCAO Hamiltonian to model boron and successfully 
tested its transferability. The test also suggests that the new version of the SCED-LCAO 
Hamiltonian should be applicable for elements with more delocalized electrons. In the following 
sections, we give in details the construction of the SCED-LCAO Hamiltonian for boron and the 
test for its transferability and robustness.    
2. Transferability and reliability  
Within the framework of the linear combination of sp3 atomic orbitals, there are 25 
parameters needed in the new version of the SCED-LCAO Hamiltonian for boron. They will be 
determined by minimizing the objective function, defined as the least-squares sum of the 
differences between the calculated properties and the reference values from the first-principle 
calculations, through a fitting process with an efficient global optimization algorithm (see the 
Appendix of Ref [30] for details). The optimized parameters of the SCED-LCAO Hamiltonian 
for boron are given in Table 1.  
To ensure that the SCED-LCAO Hamiltonian for boron could characterize the complex 
chemical bonding nature of boron due to its electron-deficiency, we have built up a property 
database for the reference values in the fitting process including (1) 12 small boron clusters with 
planer, quasi-planer, convex, and ring structures, (2) the crystalline alpha boron phase with 
rhombohedra symmetry, (3) the monolayer alpha sheet (5 or 6 coordination number of boron 
atoms), and (4) the monolayer delta-4 sheet (4 coordination number of boron atoms) (see Ref 
[39] for the notations of the monolayer sheets). Especially, the isomer nature in some of the 
 
 
9 
small clusters (e.g., B4 with D4h and D2h symmetries, B6 with C5v and C2h symmetries, B7 with 
C2v and C2h symmetries, and B12 with C3v and D6h symmetries, respectively) is carefully taken 
into account so that both the stable and the meta-stable structures can be characterized. The 
properties (i.e., the cohesive energy and the geometric properties) of these small boron clusters 
are listed in Table 2. The properties calculated by the SCED-LCAO Hamiltonian for boron using 
the optimized parameters are in good agreement with the results obtained from the ab initio 
calculations [40] (e.g., the CCSD (T) method with aug-cc-PVTZ basis [41]).  
The transferability of the SCED-LCAO Hamiltonian for boron is ensured by adding the 
relative energy versus atomic volume curves for the extended systems, including the alpha boron 
[42, 43] and monolayer sheets [39, 44], into the properties database. The bonding nature in the 
alpha boron and monolayer boron sheets is different. The major chemical bond in the monolayer 
sheets is the type of the three-center. While, in the alpha boron, in additional to the three-center 
bonds, there is also the directional covalent two-center bonds between icosahedra B12 [42, 43]. 
Fig. 1 shows the relative energy per atom (black curves denote SCED-LCAO results; dashed 
curves, DFT results) as a function of the ratio of atomic volume to the equilibrium atomic 
volume of alpha boron. Here the atomic volume for the monolayer sheets is defined as 
/ atomV Ah N= , where A is the area of the unit cell of the sheet, h, the ‘think’ of the sheet (we 
assume it as the twice of the bond length), and Natom, the number of atoms per unit cell, 
respectively. It can be seen clearly from Fig. 1 that the energy curves for the α boron and the 
monolayer α sheet using the SCED-LCAO Hamiltonian fit very well to those calculated from the 
first-principle method (i.e., the DFT-based VASP scheme with ultra soft pseudo-potential and 
GGA for electron correlations [45]). It is also worth noting that the shape and the minimum of 
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the energy curve for the monolayer δ4 sheet is consistent to the DFT result except a slight shift of 
the relative energy by approximately 0.01 Hartree/atom.  
3. Robustness and applications  
To demonstrate that the SCED-LCAO Hamiltonian for the boron element is robustness, 
transferable, reliable, and has the predict power, we have applied the Hamiltonian with the 
optimized parameters to study several complex systems of boron. The molecular dynamics (MD) 
scheme based on the new version of the SCED-LCAO Hamiltonian has been employed in such 
calculations. The force on the ith atom are given by the following expression 
, ,
0
( ( ))1( )
2
( / )1 , , , .
2
ooc
i j i j i j N ijl
i i j l l l
i j i j i
ij
i j l
i j i
H S N N V R
F c c
x x x
E R
Z Z l x y z
x
α β α βλ λ
α β λ
λ α β
ε∗
≠
≠
∂ ∂ ∂ 
= − − + ∂ ∂ ∂ 
∂
− =
∂
∑∑∑ ∑∑
∑∑
                         (10) 
The time step in the molecular dynamics simulations was set to be 1.2 fs and the force 
criteria for a fully relaxation process was set to be less than 10-2 eV/Å. The complex systems that 
we studied include (1) the energetics of Bn (n = 10-40), (2) the stability of the B80 buckyball, and 
(3) the stability of monolayer triangular and alpha sheets. 
  4.1 The energetics of Bn (n = 10-40) 
The trivalent boron has two s and one p valence electrons at the ground state. Its electron 
deficiency and the s and p orbitals hybridization allow it to form complex chemical bonds. The 
first–principle computational simulations and recent experimental observations [15, 16, 46-51] 
have shown that boron clusters within the size of 10-40 atoms can form various structures such 
as the quasi-planer, the convex, the icosahedra, and the ring shapes. Even for a given number of 
atoms, there are several isomers having quite different structures and energetics. There is no 
direct relation between the size of the boron clusters and the geometry shape of the cluster in this 
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range of size. Therefore, to correctly characterize the chemical bonding nature, the energetics, 
and the structural properties of these boron clusters is a tremendous challenge for a semi-
empirical Hamiltonian and a testimony for the reliability of such Hamiltonian. For this purpose, 
we have carried out MD simulations to study these boron clusters using the SCED-LCAO 
Hamiltonian for boron element developed above. The clusters concerned in this study include the 
quasi-planers of B10, B11, B15-2, B19, and B36-1; the icosahedra of B12; the convexes of B13 isomers 
(e.g., B13-1 and B13-2), B15-1, B36-2, and B40 isomers (e.g., B40-1, B40-2); and the rings of B20 and 
B24, respectively. It should note that all the stable quasi-planer and convex clusters are 
automatically obtained by directly relaxing the corresponding planer structures at 0 K. This 
demonstrates that, different from the DFT methods, such as the VASP scheme where some of the 
convex structures can not be directly obtained from the corresponding planer structures using 
relaxation process, the SCED-LCAO Hamiltonian is capable to drive a system from a metastable 
state (e.g., the planer) to a stable state (e.g., the quasi-planer) over a certain kinetic energy 
barrier. The obtained relative energies per atom with respect to that of B40-2 are listed in the third 
column of Table 3. It is found that both the symmetry of the stabilized structures and the energy 
ordering among these clusters are in good consistent with the DFT-GGA results [45] (the fourth 
column of Table 3). The calculations in Table 3 are also consistent with other first-principle 
results (see Ref. [15, 16]). Especially, it is found that (1) the icosahedra B12 is indeed unstable 
compared to its isomers (e.g., 0.107 eV/atom higher than the B12 ring and 0.112 eV/atom higher 
than the B12 quasi-planer) and other clusters with slight smaller size (e.g., B10 and B11), (2) the 
energy difference between two convexes of the isomers B13-1 and B13-2 are very small (~ 10-3 
eV/atom) due to their similar structures. The SCED-LCAO Hamiltonian, however, can 
distinguish such tiny difference as well as the energy ordering. It is also true for other isomers 
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such as the isomers of B15-1 (convex) and B15-2 (quasi-planer), the isomers of B36-1 (quasi-planer) 
and B36-2 (convex), and the isomers of B40-1 (convex) and B40-2 (convex), and (3) the B36-2 is more 
stable than B36-1, supporting the experimental report [15]. This testimony clearly demonstrates 
that the environment-dependence SCED-LCAO Hamiltonian for boron is capable of capturing 
the different structures of the boron clusters and is reliable.  
       4.2 The stability of the B80 buckyball  
         Stimulated by the carbon C60 fullerene, the B80 backyball has been postulated from the ab 
initio calculations in 2007 [17]. This buckyball has the C60 fullerene structure with 20 boron 
atoms at each center of the hexagons having the balance between the two-center and the three-
center bonds. Since then, a large amount of interesting researches have focused on the stability of 
the B80 buckyball [18-23]. The initial study reported that the stable B80 has the Ih symmetry, 
similar to that of C60 fullerene [17]. After that, several reports have mentioned that the B80 
buckyball with Th symmetry (atoms at the center of the hexagons move inwards)  is more stable 
than Ih symmetry [18-22] and even the lower symmetry (e.g., C2h symmetry with atoms at the 
center of the hexagons move inwards/outwards alternately) is more stable than the Th symmetry 
[23].  Therefore, we took this challenge as a stringent robust test for our boron SCED-LCAO 
Hamiltonian. We run a SCED-LCAO-MD simulation for the B80 buckyball starting from an Ih 
structure. As shown in Fig. 2, B80 with Ih symmetry is indeed not stable. It quickly transforms to 
Th symmetry in about 0.3 ps. Furthermore, the backyball keeps Th symmetry in about 1.2 ps and 
finally stabilizes to C2h symmetry after 2.1 ps in total simulation time.  The lowest energy state 
found with the current SCED-LCAO Hamiltonian was the C2h symmetry state with some atoms 
pointing out and others pointing in. The energy differences in these structures are exceedingly 
small, ~0.004eV/atom. It is clear seen that the boron SCED-LCAO Hamiltonian can provide 
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accurate information about the stability versus the symmetry of the B80 backyball and are 
consistent with the DFT calculations [17-23]. In fact, it directly predicts that the most stable B80 
backyball is with the C2h symmetry. Furthermore, we also carried out a thermal dynamics 
simulation on the B80 buckyball by heating it up to 1800 K. We found that when the B80 
buckyball was slowly heated up to 1800 K (see Fig. 3), the C2h symmetry is totally distorted. 
This structures then was slowly cooled down to 0 K, and finally stabilized to a random structure 
with the cohesive energy about 0.052 eV/atom lower than B80 backyball with the C2h symmetry, 
indicating that B80 buckyball is a metastable structure and that is why it has not yet discovered 
experimentally. This result is consistent with the finding by the global geometry optimization on 
the density functional potential energy surface with the minim hopping algorithm [21]. 
        4.3 The stability of monolayer triangular and alpha sheets 
The existence and the stability of various boron monolayer sheets has been systematically 
studied using the first-principle particle-swam optimization global algorithm [39, 44]. It is found 
that the triangular sheet is stabilized to a buckled structure and the buckled α sheet is more stable 
than the flat alpha sheet. In fact, the buckled α sheet (referred as α’-sheet in Ref. [39]) is the most 
stable among these monolayer sheets [39].  To further validate the appropriateness of the SCED-
LCAO Hamiltonian for boron, we have applied the SCED-LCAO based MD simulation to study 
the stabilities of the triangular and α sheets, as examples. As shown in Fig. 4, an initial flat 
triangular sheet of boron (the inset at the top left of Fig. 4) was allowed to fully relax (see the 
black curve in Fig. 4) during the MD simulation in a 2.4 ps.  It clearly shows that the flat sheet is 
indeed unstable and becomes buckled after 0.36 ps. After 1.68 ps, the sheet is finally stabilized to 
a perfectly buckled triangular sheet with the buckling of 0.66 Å (see the inset at the middle right 
of in Fig.4). On the other hand, an initial flat α sheet (the inset at the bottom left of Fig. 4) stands 
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for about 1.2 ps and then stabilizes to a slightly buckled structure (the inset at the bottom right of 
Fig. 4) in about 1.6 ps (see the red dashed curve in Fig. 4). This structure is about 0.01 (eV/atom) 
lower than the initial flat structure. These SCED-LCAO simulations reproduced the results from 
the DFT [39] and demonstrate again the reliability of the SCED-LCAO Hamiltonian.  
The final robust check is relative energy ordering (refereed to the total energy per atom of 
the α boron) and the energy gaps for the boron two-/three-dimensional structures. They are the 
monolayer buckled triangular and α sheets, the flat δ4 and B36 (also referred as borophene which 
was suggested in Ref [15]) sheets, and the α boron. The results are presented in the Table 4, 
together with the corresponding DFT results. It is found that energetically, the flat monolayer 
sheets (i.e., the flat δ4 and the B36 sheets) are less stable than the buckled monolayer sheets (i.e., 
the buckled α and the triangular sheets). The α boron, on the other hand, is the most stable one 
among all the allotropes of boron. Furthermore, all the monolayer sheets are gapless materials, 
except the flat B36 sheet (~ 0.13089 eV), but the α boron is semiconductor material (~ 1.9 eV). 
The highly consistency between the SCED-LCAO results and the DFT-GGA results calculated 
by VASP with ultra soft pseudo-potential [45] strongly demonstrate that the boron SCED-LCAO 
Hamiltonian is indeed robustness, transferable, reliable, and has the predict power. We will apply 
the Hamiltonian to model the intermediate size of boron clusters Bn and predict the energetics of 
the boron clusters with the size of n =100-800 atoms. 
       5. Energetics of intermediate sized compact boron clusters BN 
In the intermediate size, the cage, convex, and the fullerene-like structures have been 
theoretically predicted [17-25]. But, there are still questions for the intermediate sized boron 
clusters including (1) whether these cage-like structures are the most stable, especially at 
moderate temperature and (2) does there exists some other structures, such as the compact 
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structure which exist and energetically stable? To answer these questions, we have applied the 
SCED-LCAO Hamiltonian for boron developed above to explore the existence of such interest 
compact boron clusters within the size up to 768 atoms. All of the compact structures concerned 
in this work are constructed by the distribution of the boron atoms in a topologically disordered 
pattern (referred as random), a rhombohedra cut from the alpha boron (referred as rhombohedra), 
a spherical cut from the alpha boron (referred as spherical), and removing surface atoms with 
more dangling bonds from the spherical cut clusters (referred as trimmed), respectively. These 
initial constructed clusters are first relaxed at 0 K with the power quenching scheme [52, 53], 
then heated to a moderate temperature (~ 1500 K) using simulated annealing, and finally slowly 
cooled down to 0 K. The obtained stable compact boron clusters, their structural, and relative 
energies will be discussed in the followings. 
           5.1 Random structures of BN (Random) 
We have obtained over 90 stable boron clusters BN (N =80~ 228) with random structures. 
The stable random structures clusters of B101 (Random), B228 (Random), and B230 (Random) are 
shown in Figure 5, as an example. The total energy per atom of the boron clusters as a function 
of the number of atoms has been plotted in the Figure 6 (see the pink open circles in Fig. 6). The 
energy varies with the size of the clusters with a fluctuation of ~0.07 eV/atom. The total energy 
per atom of the B80 buckyball is also shown in Fig.6 with the black star for comparison. It is 
clearly seen that most amorphous clusters around that size are fairly lower in energy than B80 
buckyball [22, 51, 54-56] (e.g., the total energy of B80 (Random) is -39.70 eV per atom and that 
of B80 buckyball is -39.6276 eV per atom, respectively), indicating that for the intermediate size 
of boron clusters, the cage-like structures are less stable than the compact structures. This does 
not mean that the B80 buckyball cannot exist.  But, it does imply that any laboratory fabrication 
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technique, for boron cluster construction, that involves significant heat; the symmetric structures 
that could be produced will have to compete with boron’s natural tendency to enjoy being in an 
amorphous state.  
5.2 Rhombohedra structures of BN (i_j_k) 
Each rhombohedra structure of compact boron cluster is constructed by a rhombohedra 
cut from the alpha boron. It is labeled with BN (i_j_k) where the indices designate how many 
icosahedra B12 ball there are in the cluster and the total number of atoms in the cluster is given 
by 12 x i x j x k. Apparently, a sheet-like rhombohedra cluster has the form of BN (i_j_1) with 
various values of i and j, and a chain-like rhombohedra cluster has the form of BN (i_1_1) with i 
icosahedra balls along a given direction. Over 80 of such rhombohedra clusters BN (i_j_k) with N 
range from 24 to 768 are constructed and fully relaxed. It is found that the stabilized compact 
clusters still keep the basic rhombohedra structures which, for example, can be seen from the 
insets of Fig. 6 such as the chain-like B108 (9_1_1) (see the inset at the top of Figure 6), the sheet-
like B336 (4_7_1) (see the inset in middle of Figure 6), and the bulk-like B768 (4_4_4) (see the 
inset at the bottom of Fig. 6). This is clear because the icosahedra ball is the building block of the 
alpha boron. Its bonding nature including the three-center bond inside the icosahedra ball and the 
two-center bond between icosahedra balls in the rhombohedra symmetry makes the alpha boron 
the most stable structures among the boron allotropes. The compact clusters with the 
rhombohedra cut from the alpha boron keep the same symmetry as the bulk phase. Therefore, 
they prefer to stay with such symmetry with only minor distortion on the surface.  
Energetically, it is found that the chain-like BN (i_1_1) (see the black curve with open 
circles in Fig. 6) and sheet-like BN (i_j_1) (see the red and green curves with open squares and 
diamonds in Fig. 6) rhombohedra clusters are less stable than the clusters with random structures 
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within the size of N<200. The bulk-like rhombohedra BN (i_j_k) (see the red, green, and black 
curves with solid squares, diamonds, and circles in Fig. 6) clusters, however, have similar energy 
for N<100 and much lower energy for N>100 than that of BN (Random) cluster. For N>300, the 
some of the sheet-like rhombohedra clusters (e.g., BN (i_7_1)) become much stable.  Unlike the 
BN (Random) cluster with a fluctuated energy, the energy of the rhombohedra clusters decreases 
monotonically with the increase of the number of atoms. The energy ordering and the energy 
trend to the infinite size of the rhombohedra clusters strongly depend on the shape of the 
icosahedra cluster. In the case of the chain-like rhombohedra clusters BN (i_1_1), the energy 
decreases quickly for small N and approaches to a constant after N > 100 which is expect to that 
of the infinite icosahedra chain structure. In the case of the sheet-like rhombohedra clusters BN 
(i_j_1), the energy gradually decreases as increasing the size of the cluster. But the energy of BN 
(i_2_1) (the red curve with the open red-squares) and BN (i_7_1) (the green curve with the open 
green-diamonds) will approach to different energy values at their infinite limits, one is to the 
value of a infinite ribbon with the width of two icosahedra balls, and the other is to the value 
with the width of seven, respectively. The wider the sheet-like icosahedra cluster is, the lower its 
the energy is. This makes sense since the wider sheet-like rhombohedra cluster will has less edge 
effect, and is more stable. Similarly, in the case of the bulk-like icosahedra clusters BN (i_j_k), 
for a given number of atoms, the BN (i_3_2) (the green curve with solid green-diamonds) is 
energetically lower than BN (i_2_2) (the red curve with solid red-squares). But the BN (i_i_i) (the 
black curve with solid black-circles) is the lowest in energy and its energy will definitely 
approach to the value of the alpha boron (-40.12eV/atom) when the number of the atom N goes 
to the infinite. 
 
 
18 
          5.3 Spherical icosahedra structures of BN 
         In additional to the rhombohedra cut from the alpha boron, another type of interesting and 
possible existing compact boron clusters are those constructed by the spherical cut from the 
alpha boron. There are two possible ways to perform the spherical cut: one is centered on an 
icosahedra ball (referred as BN (Ball)), and the other is centered between icosahedra balls 
(referred as BN (Empty)). We have constructed 59 spherical icosahedra clusters and performed 
MD simulations to relax the strains generated from the initial construction. Some of the 
stabilized clusters are shown in Fig. 7. For the spherical cut clusters, since the interior are formed 
by the icosahedra balls and the surface are opened icosahedra balls, the surface atoms are not 
stable and will reconstruct during the relaxation. It can be seen that each cluster centered upon 
icosahedra (BN (Ball) in Fig. 7) has at least one icosahedra ball in the interior. As the size of the 
cluster increases, the number of icosahedra balls in the interior of the cluster increases. The 
distortion of those interior balls depends on the size of the cluster. For the small size, such as B30 
(Ball) and B54 (Ball), there is one icosahedra ball at the center, and the surface atoms 
reconstructed to a cage-like structure. This type of clusters is analogy to the boron cage with an 
icosahedra inserted as investigated by other theoretical groups [57, 58]. They have shown that 
such type of clusters is more stable than the cage-like boron clusters [57, 58]. As for the increase 
of the size of BN (Ball) clusters, there are more icosahedra balls in the interior and the distortion 
of the interior icosahedra will be less and less. The surface reconstructions will also possess a 
certain symmetric form, as can been seen from the left panel in Fig. 7. While in the case of the 
BN (Empty) (see the right panel in Fig. 7), since there is a hole at the center of such clusters, the 
atoms in the interior need to bond each other. This relaxation procedure together with the 
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dangling bonds of surface atoms drives the cluster to a more distorted and compact structure with 
low symmetry.   
           Energetically, these spherical cut icosahedra clusters (see the blue open up-triangles for 
BN (Ball) and the orange open down-triangles for BN (Empty) in Fig. 6) have lower energy than 
the chain-like rhombohedra BN (i_1_1) clusters and even the sheet-like rhombohedra BN (i_j_1) 
clusters. That means, for the intermediate size of boron clusters, the 3D-like compact structures 
(e.g., bulk-like rhombohedra BN (i_j_k)) and the spherical icosahedra BN (Ball/Empty) are more 
stable than the less bulk-like compact structures (e.g., the chain- and sheet-like rhombohedra BN 
(i_1_1) and BN (i_j_1) clusters).  Furthermore, for a size of the spherical cut cluster below 100 
atoms, the BN (Empty) clusters are lower in energy than the BN (Ball) clusters. In the range of 
100-300 atoms the BN (Ball) clusters, however, become lower in energy. They are even lower 
than random structures of boron clusters BN (Random) (pink open circles in Fig. 6) in energy. 
This result again demonstrates that for the intermediate size of the boron clusters (i.e., N>200) 
the more body-like compact structure is more stable than the random structures and the cage-like 
structures.  As the size of the cluster over 400 atoms, both types of the spherical icosahedra 
clusters tend to have a similar in energy. This makes sense because when the size of the cluster is 
larger than 400 atoms both types of the spherical cut icosahedra clusters have lots of complete 
icosahedra ball in the interior so they are competitive in energy.   
       In the alpha boron clusters with spherical cut, surface atoms left over from the spherical cut 
form incomplete or open icosahedra balls. These surface atoms have many dangling bonds and 
then tend to bond each other during the relaxation. If instead those atoms are removed from the 
cut cluster, we would have a compact shape of icosahedra with no partial icosahedral structures 
(referred as BN (Trimmed)). An example of such trimmed cluster is shown in Fig. 8. It is B288 
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(Trimmed) with 19 icosahedra balls in it. It does not look spherical because its size is too small 
(the top view of this structure shows hexagon symmetry, and the side view is a square-like 
shape), but it is the most compact cluster tested in this work cut from the alpha boron. There are 
no open icosahedra balls on the cluster surface and each surface icosahedra ball has at least three 
inter-icosahedra bonds to the neighbors. As expected, after the relaxation, the outer corners do 
reconstruct slightly, but the general shape stays the same. It is found that this cluster is the lowest 
in energy  (see the black open square at N =228 in Fig. 6) and therefore the most stable cluster 
among what we have ever found for an alpha boron cut among the similar size. It is compact, 
fully made of icosahedra, spherical and resistant to reconstruction up to about 1000K.  
       5.4 Structural properties of boron clusters  
            We have obtained abut 230 compact boron clusters with the random structures, the 
rhombohedra structures, the spherical icosahedra structures, and the trimmed spherical 
icosahedra structures, respectively. The energetics of these compact boron clusters, as shown in 
Fig. 6, strongly depend their structural properties. To shed light into the relationship between 
their relative energy and structural property, we performed local structural analysis and 
compared several different structures of similar size boron clusters to the alpha boron as the 
benchmark. Six different types of such clusters around ~220 atoms have been selected. They are 
the sheet-like rhombohedra cluster B216 (9_2_1), the bulk-like rhombohedra cluster B216 (3_3_2), 
the random structures cluster B228 (Random), the spherical icosahedra cluster B216 (Ball) and B210 
(Empty), and the trimmed spherical icosahedra cluster B228 (Trimmed), respectively. The average 
bond length, the average neighbors, and the relative energy per atom to the alpha boron are listed 
for each of these clusters in Table 5. We found that the trimmed B228 is energetically favorable 
among these size similar clusters. The sheet-like B216 (9_2_1), on the other hand, is energetically 
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unfavorable. This result indicates that the more compact clusters with higher symmetry and less 
dangling bonds on the surface atoms are more stable. Compared with the alpha boron (the last 
row of the Table 5), it can be seen that, the average bond length of boron clusters is shortened, 
the average neighbors of boron atoms is increased (except the case of the sheet-like rhombohedra 
B216 (9_2_1) where many boron atoms are at the edges).  As we know the alpha boron is built by 
the icosahedra ball and has rhombohedra symmetry. The bond length between boron atoms 
inside the icosahedra ball (referred as intra-bonds) is either 1.74Å or 1.80 Å, and the bond length 
between boron atoms in the neighboring icosahedra balls (referred as inter-bonds) is 1.67 Å. 
There are six inter-bonds per icosahedra B12 ball. Thus, six boron atoms of an icosahedra ball are 
bonded to the boron atoms in the six neighboring icosahedra balls. While, the remaining other 
six boron atoms in the icosahedra ball have interactions with another six neighboring icosahedra 
balls with the distance of 2.02 Å (referred as the next-nearest-neighbor (NNN) distance). The 
average neighbor of a boron atom, therefore, is 5.50 within the cut-off of 2.0 Å (shown in Table 
5). What we found is that when we truncated the alpha boron (either rhombohedra cut or 
spherical cut) to form the compact boron clusters (1) the intra-bond lengths are distributed in a 
wider range (e.g., 1.62-1.83 Å in B216 (9_2_1); 1.52-1.73 Å in B210 (Empty); 1.57-1.81 Å in the 
B216 (Ball); 1.64-1.77 Å in the B228 (3_3_2);1.58-1.80 Å in the B228 (Trimmed)), (2) the inter-
bond lengths are slightly extended (e.g., 1.71-1.76 Å in B216 (9_2_1), 1.63-1.76 Å in B210 
(Empty); 1.69-1.78 Å in the B216 (Ball); 1.70-1.89 Å in the B228 (3_3_2);1.69-1.87 Å in the B228 
(Trimmed)), and (3) the number of neighbors is increased because the distances of NNN atoms 
are shortened and even bonded in the compact clusters as the result of the surface reconstruction. 
In particular, as can be seen from the third column of Table 5, the spherical cut centered at Ball 
and the trimmed clusters are much compacted (the average neighbors is 5.81 in B216 (Ball) and 
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5.842 in B228 (Trimmed), respectively) than the rhombohedra cut (the average neighbors is 5.379 
in B216 (9_2_1) and 5.676 in B216 (3_3_2), respectively) and spherical cut centered at the Empty 
(the average neighbors is 5.57 in B210 (Empty)). The B228 (Random) cluster, on the other hand, is 
quite different from the clusters cut from the alpha boron. It has random (or amorphous) structure 
and a more compact with average neighbors of 5.833. 
By comparing the pair distribution functions of these clusters to the corresponding alpha 
boron we found that the first peak in the pair-distribution function of the alpha boron (black 
dotted curve in Figure 9) is broadened in the clusters; in particular, the shoulder of the first peak 
around 2.02 Å in the alpha boron (representing the NNN distance between the neighboring 
icosahedra balls) is smoothed out in the clusters. This is, as we discussed above, the shortening 
of the bond between NNN atoms in the compact clusters due to the structure distortion and the 
surface reconstruction. The sharp peaks nature at larger distance in alpha boron is the tell-tale 
signature of crystalline alpha boron; this is not present in clusters, instead we see a broadened 
single peak in all of the clusters examined;  in particular, the most broaden peak around 3.0 Å is 
found in the B228 (Random), indicating its randomness feature.  
A similar phenomenon is found in the angular distribution function (Fig. 10). Boron 
alpha is comprised of many 600 degree angles due to the numerous equilateral triangles in the 
icosahedra. Secondly, the triangles do not lay flat. They are wrapped over a ball, the angle they 
make as they bend is 1090 degrees, the angle that is made between the icosahedra and connection 
line to the next icosahedra is about 900 and 1150 degrees. This accounts for the 3 major angles in 
boron alpha. We also see the same 600 degree bonding heavily in all of the boron clusters. This 
makes perfect sense, as we see the true nature of boron with heavy three center triangular 
bonding. But by comparing the peak at 600 degree for the alpha boron to those for boron clusters, 
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we found that this peak is broadened in the clusters indicating the large distortion of the 
icosahedra ball in the clusters. The broadest peaks were found in B228 (random) which clearly 
demonstrate the amorphous structure. In conclusion it is noted that the lowest energy cluster 
observed in the large size of the boron clusters was that of a compact spherically shaped boron 
cluster comprised solely of 12 atom icosahedra. All pure boron clusters exhibit similar bonding 
as evidenced by the local analysis. 
         6. Conclusion 
We have demonstrated the SCED-LCAO Hamiltonian for boron is transferable, reliable, 
and has the predictive power. It successfully characterizes the electron deficiency of boron and 
captures its complex chemical bonding in various allotropes of boron including the planer and 
quasi-planer, the convex, the ring, the icosahedra, and the fullerene-like clusters, the two-
dimensional monolayer sheets with triangular, alpha, delta-4, and B36 based symmetries, and the 
alpha boron bulk. In particular, it is capable to directly drive, using the MD version of the SCED-
LCAO method, (1) the B80 buckyball from high symmetry (Ih) with high energy to the low 
symmetry (C2h) with low energy, (2) from the C2h symmetry to a random through a 
thermodynamics procedure structures, and (3) the flat triangular/alpha sheet to more stable 
buckled sheet. All the results including the energetics, the bonding, and the geometry of the 
boron allotropes studied are in good consistent with the DFT calculations as well as the 
experimental observations.  The boron Hamiltonian was applied to model the intermediate size 
compact boron clusters BN (N = 100 – 768) with random, rhombohedra, spherical icosahedra, 
and trimmed spherical icosahedra structures. It is clear to find that (1) the chain-like 
rhombohedra clusters BN (i_1_1) are energetically higher than any other type of compact boron 
clusters, (2) the sheet-like rhombohedra clusters BN (i_j_1) are lower than the chain-like clusters 
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in energy, (3) while the spherical cut alpha boron clusters and the random structure clusters are 
even energetically lower than the sheet-like clusters, (4) but the lowest in energy among all types 
of the boron clusters are BN (i_j_k) bulk-like icosahedra and trimmed spherical icosahedra 
clusters. Furthermore, the cage-like structures, e.g., the B80 buckyball, is competitive in energy 
only with random structures BN (Random). These results indicate that the compact boron clusters 
which contain most compacted icosahedra balls (i.e., the bulk-like rhombohedra BN (i_j_k) 
clusters and trimmed spherical icosahedra clusters) are the most stable for large size (Natom >200) 
of boron clusters, while the spherical cut, random structures, and cage-like boron clusters are 
competitive for the small or intermediate size (24 < Natom <200) of boron clusters.  
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Table1  The optimized SCED-LCAO Hamiltonian parameters for boron 
Symbols Values Symbols Values 
sε  -13.460 (eV) Nd    -0.597 (Å) 
pε   -8.430 (eV)  σssB   0.318 (Å
-1) 
'
sε   -16.411 (eV) σα ss   1.477 (Å
-1) 
'
pε   -14.529 (eV) σssd   0.520 (Å) 
0
sW  -0.921 (eV) σspB   0.466 (Å
-1) 
0
pW  0.183 (eV) σα sp   1.819 (Å
-1) 
,s Wα   2.172 (Å
-1) σspd   1.118 (Å) 
,p Wα   1.225 (Å
-1)  σppB   -0.906 (Å
-1) 
Kα    0.173 (Å
-1)  σα pp   3.634 (Å
-1) 
U   18.586 (eV) σppd   1.529 (Å) 
ZB   2.917 (Å
-1) πppB   -0.305 (Å
-1) 
NA   -2.075 (eV) πα pp   1.425 (Å
-1) 
NB   -1.143 (Å
-1) πppd   0.326 (Å) 
Nα   2.502 (Å
-1) cutR    7.0 (Å) 
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Table 2 Comparisons of cluster properties (geometry and cohesive energies) of NB  (N≤12) 
calculated from the SCED-LCAO method and the CCSD(T)/aug-cc-PVTZ  method [41] as 
implemented in the Gaussian package [40].  Note that for each cluster coordinates of only in-
equivalent atoms are given. 
 
BN Symmetry Structure SCED-LCAO 
values 
ab initio 
values[16, 24] 
B2 Dih 
 
 
  
a = 0.882 Å 
E = -1.082 eV 
a = 0.818 Å 
E = -1.019 eV 
B3 D3h 
 
a = 0.857 Å 
E = -2.434 eV 
a =0.890 Å 
E = -2.747 eV 
B4 D4h 
 
a =1.039 Å 
E = -2.968 eV 
a =1.070 Å 
E = -3.352 eV 
B4 D2h  
 
a =1.066  Å 
b =1.013 Å 
E = -2.969 eV 
a =1.193 Å 
b=0.939 Å 
E = -3.361 eV 
B5 C2v 
 
a1 =0.266 Å 
a2 =1.578 Å 
b1=1.547 Å 
b2=0.762 Å 
E = -3.098 eV 
a1 =0.302 Å 
a2 =1.655 Å 
b1 =1.549 Å 
b2 =0.774 Å 
E = -3.609 eV 
B6 C5v 
 
a =1.345  Å 
b=0.943  Å 
E = -3.341  eV 
a =1.365  Å 
 b =0.932  Å 
E = -3.741 eV 
B6 C2h 
 
a =0.853 Å 
a1 =0.153 Å 
a2 =1.237 Å 
b1=1.433 Å 
b2 =1.491 Å 
E = -3.273 eV 
a =0.916 Å 
a1=0.220  Å 
a2=1.252 Å 
b1=1.452 Å 
b2 =1.501 Å 
E = -3.585 eV 
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B7 C2v 
 
a1 =0.498 Å 
a2=0.576 Å 
b1 =1.607 Å 
b2 =0.812 Å 
b3 =1.340 Å 
E = -3.560 eV 
a1 =0.494  Å 
a2 =0.708  Å 
b1=1.654  Å 
b2 =0.809  Å 
b3 =1.300  Å 
E = -3.463 eV 
B7 C2h 
 
a=1.626 Å 
a1 =1.433 Å 
a2=1.385 Å 
b1=0.770  Å 
b2 =0.852  Å 
E = -3.537  eV 
a=1.621  Å 
a1 =1.427  Å 
a2 =1.420  Å 
b1 =0.781  Å 
b2 =0.797  Å 
E = -3.405 eV 
B8 D8h 
 
a =2.031 Å 
E = -3.158 eV 
a =2.012 Å 
E = -3.043 eV 
B9 D7h 
 
a =0.786  Å 
b =1.686  Å 
E = -3.781 eV 
a =0.853  Å 
b =1.755  Å 
E = -3.721 eV 
B12 C3v B 
 
a1=0.429  Å 
a2=0.552  Å 
b1 =0.955 Å 
b2=1.979  Å 
b3 =2.284  Å 
b4=0.773  Å 
E = -3.985  eV 
a1 =0.430  Å 
a2=0.559  Å 
 b1 =0.968  Å 
b2 =2.023  Å 
b3=2.290  Å 
b4 =0.774  Å 
E = -4.020 eV 
B12 DB6d 
 
a =0.726  Å 
b =1.613  Å 
E = -3.890  eV 
a =0.731  Å 
b =1.618  Å 
E = -3.855 eV 
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Table 3 The relative cohesive energy (eV) values per atom for boron clusters NB  ( N =10, 11, 
12, 13, 15, 19, 20, 24, 36, and 40) and their isomers as calculated from the SCED-LCAO method 
and the DFT-GGA method, as implemented in the VASP [45] are reported.  The cohesive energy 
of the B40-2 isomer was used as the reference value in calculating the relative cohesive energies. 
BN clusters Structures SCED-LCAO results DFT results [17] 
B10 
 
0.38885 0.53775 
B11 
 
0.37145 0.48303 
B12 
 
0.38978 0.67599 
B13-1 
 
0.32157 0.40298 
B13-2 
 
0.32163 0.40323 
B15-1 
 
0.27756 0.35082 
B15-2 
 
0.26723 0.34406 
B19 
 
0.17515 0.23592 
B20 
 
0.12021 0.18017 
B24 
 
0.07391 0.11637 
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B36-1 
 
0.03945 0.03248 
B36-2 
 
0.00839 0.00098 
B40-1 
 
0.01420 0.00598 
B40-2 
 
0.0 0.0 
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Table 4 The relative cohesive energies per atom for different types of two-dimensional boron 
sheets are reported with respect to the cohesive energy of the bulk alpha boron for the SCED-
LCAO and DFT-GGA (values in the parenthesis [45]).  The calculated energy gap values of 
these structures using SCED-LCAO and DFT-GGA (parenthesis [45]) are also given. 
Symmetry Structure  Relative cohesive energy 
(eV/atom) 
Energy gap (eV) 
Flat δ4 sheet 
 
0.613 (0.891) Gapless (gapless) 
Flat B36 sheet 
(borophene) 
 
0.476 (0.605) 0.131 (0.122) 
Buckled triangle 
sheet 
 
0.421 (0.496) Gapless (gapless) 
Buckled α sheet 
 
0.356 (0.378) Gapless (gapless) 
alpha  boron 
 
0.0 (0.0) 1.902 (1.953) 
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Table 5 Optimized structures of intermediate-sized boron clusters of similar sizes generated from 
different initial configurations and bulk cuts.  The relative energy per atom of these structures 
and their corresponding geometric properties, namely, the average bond length (Å) and the 
average number of neighbors in the cluster using a cut-off radius of 2.0 Å are reported. 
structure Average bond length  Average neighbors relative energy  
B216 (9_2_1) 
 
 
1.697 5.379 0.503 
B228 (Random)  
 
1.723 5.833 0.415 
B210 (Empty)  
 
1.722 5.570 0.408 
B216 (Ball) 
  
1.728 5.810 0.39 
B216 (3_3_2) 
 
1.715 5.676 0.361 
B228 (Trimmed) 
 
1.722 5.842 0.319 
alpha boron  
 
1.774 5.500 0.0 
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Figure captions 
Figure 1 (Color on line) The relative cohesive energy per atom versus the ratio of the atomic 
volume (V/V0) corresponding to different extended phases: (i) the bulk alpha boron, (ii) the α-
sheet, and (iii) the δ4-sheet as calculated using the SCED-LCAO (solid curves) and the DFT-
GGA [45] .  The relative energy per atom 0E Eα−  is defined as the difference between the total 
energy per atom of any extended phase (E) with respect to that of the bulk α-boron phase at its 
equilibrium volume V0 .  The optimized structures corresponding to the bulk alpha-boron phase 
(left), the α-sheet (middle), and the δ4-sheet (right) are also shown. 
 
Figure 2 (Color on line) The total energy per atom versus MD steps for B80 buckyball at 0 K. The 
buckyball with the initial Ih symmetry (top left) relaxes to the Th  symmetry (middle)  in 0.3 ps, 
and it stays in the Th symmetry for about 1.2 ps. It finally stabilizes to the C2h symmetry (bottom 
right) after 2.1 ps. The direction of the arrow is used to denote whether the central atom of the 
boron hexagonal rings is protruded inwards or outwards. 
 
Figure 3 (Color on line) Annealing and cooling of the B80  buckyball structure (0K-> 1800K-
>0K) renders the optimized C2h structure to transform into a random structure . The cohesive 
energy per atom of the random structure (-4.332 eV/atom) is 0.052 eV/atom lower compared to 
that of the C2h structure (-4.280 eV/atom). 
 
Figure 4 (Color on line) The total energy per atom versus MD steps corresponding to the 
triangular sheet (black solid curve) and  the α-sheet (red dashed curve), respectively. The initial 
flat triangular sheet  (side and top views) stabilizes to a buckled triangular sheet (side view) in 
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about 1.68 ps, while the initial flat α –sheet (side view) relaxes to a buckled α-sheet (side view) 
after 1.4 ps.   
 
Figure 5 (Color on line) Optimized structures of three boron clusters exhibiting random 
configurations: B101 (Random), B228 (Random), and B230 (Random). 
 
Figure 6 (Color on line) The results for the optimized total energy per atom as a function of the 
cluster size (or number of atoms in the cluster) for several categories of initial configurations. (1) 
chain-like clusters: BN (i_1_1) (the black curve with open circles); (2) rhombohedra sheet-like 
clusters: BN (i_2_1) (the red curve with open squares) and BN (i_7_1) (the green curve with open 
diamonds);  (3) rhombohedra bulk-like clusters: BN (i_2_2) (the red curve with solid squares), BN 
(i_3_2) (the green curve with solid diamonds), and BN (i_i_i) (the black curve with solid circles); 
(4) spherical icosahedra clusters: BN (Ball) (the blue open triangle-up), BN (Empty) ( the orange 
open triangle-down), and B228 (Trimmed) (the black open square), and (5) random BN (Random): 
the pink open circles. The result for the B80 buckyball structure (black star) is also depicted. The 
initial structures of the rhombohedra clusters corresponding to BN (i_1_1) (top), BN (i_j_1) 
(middle), and BN (i_j_k) (bottom) are also illustrated. 
 
Figure 7 (Color on line) Relaxed structures of several types of BN clusters with their initial 
structures derived from spherical truncations of the bulk alpha-boron of different radii with their 
centers located either at icosahedra sites (Notation: BN (Ball)) or at empty sites between 
icosahedra (Notation: BN (Empty)). The clusters on the left panel correspond to relaxed 
structures of BN (Ball) while on the right to BN (Empty). 
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Figure 8 (Color on line) The top and side views of the optimized structures of B228 (trimmed) 
clusters (right panel) along with their corresponding initial structures (left panel).  The notation 
B228 (trimmed) refers to a cluster that is obtained from a spherical cut of the bulk alpha-boron 
with their dangling bonds trimmed. 
Figure 9 (Color on line) The pair-distribution functions for B216 (9_2_1) (the black short-dashed 
curve), B228 (Random) (the red long-dashed curve), B210 (Empty) (the green short-dot-dashed 
curve), B216 (Ball) (the blue long-dot-dashed curve), B216 (3_3_2) (the pink double dot-dashed 
curve), B228 (Trimmed) (the black solid curve), and the alpha boron (the black dotted curve), 
respectively.  
Figure 10 (Color on line) Angular distribution functions for B216 (9_2_1) (the black short-dashed 
curve), B228 (Random) (the red long-dashed curve), B210 (Empty) (the green short-dot-dashed 
curve), B216 (Ball) (the blue long-dot-dashed curve), B216 (3_3_2) (the pink double dot-dashed 
curve), B228 (Trimmed) (the black solid curve), and the alpha boron (the black dotted curve), 
respectively.  
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